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Abstract
We consider a theory of scalar and spinor fields, interacting through Yukawa and φ4
interactions, with Lorentz-violating operators included in the Lagrangian. We compute
the leading quantum corrections in this theory. The renormalizability of the theory is
explicitly shown up to one-loop order. In the pure scalar sector, the calculations can be
generalized to higher orders and to include finite terms, because the theory can be solved
in terms of its Lorentz-invariant version.
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1 Introduction
Lorentz and CPT symmetries seem to be exact in nature. Although they have been
continually confirmed in experiments at relatively low energies (E < 14 TeV), there is no
reason to think that they might not be slightly violated at high enough energies, where new
physics and quantum gravitational effects could arise. The standard approach to study
small Lorentz violations (LV) and CPT violations beyond the standard model (SM) is the
standard model extension (SME) [1, 2]. The Lagrange density of the SME contains all
possible new operators that can be constructed with SM fields using effective field theory.
In this approach, the fermion and boson fields are coupled to constant background tensors,
and these tensors can be used to parametrize experimental constraints on Lorentz and
CPT violations.
Although effective field theory describes what models with Lorentz and CPT viola-
tions might look like, it does not explain what the physics responsible for the LV might
be. However, it is known that any new local operator that violates CPT symmetry will
necessarily violate Lorentz symmetry [3]. One of the possible scenarios where CPT sym-
metry can be violated is one where the fundamental constants are allowed to change.
Time variations in the fine structure constant α, for instance, can induce Lorentz and
gauge symmetry violations at the quantum level [4, 5]. LV would also exist if spacetime
is noncommutative [6]. Spacetime discretization could also be a possible cause of small
violations of Lorentz symmetry [7], as could spontaneous violation in string theory [8].
Whether these scenarios exist or not is still an open question; nevertheless, experiments
searching for any time variation in fundamental constants or any of the other phenomena
that can induce Lorentz symmetry breaking are of fundamental importance. The absence
of these effects in experimental results is related to tests of Lorentz and CPT symmetries.
Abelian gauge interactions have already been studied in great detail in the SME con-
text [9, 10, 11, 12, 13, 14, 15, 16]. Examinations of fermion-photon interactions have led
to bounds on many of the parameters contained in the SME [17, 18, 19, 20, 21, 22, 23, 24].
The Yukawa sector has been rather little studied in the SME context [25, 26], in spite of
its great importance for mass generation in the SM. The interactions of scalar fields (such
as the Higgs) with fermions are described by Yukawa forces, which can lead to processes
such as H → f + f¯ . Since the SM also contains a scalar sector, the study of Lorentz
and CPT symmetry violations in Yukawa interactions is important, and understanding
it may be key to comprehending any new physics that involves LV. With the maximum
energies and conditions that are expected to be achieved at the LHC, the production of
Higgs bosons should be possible, which makes this study particularly relevant now. How-
ever, even if the Higgs particle is not found in the present experiments, this model can be
applied to any kind of interaction between scalar and fermion fields with possible LV.
Another arena in which Yukawa interactions are important is the study of effective
theories containing mesons. Before quantum chromodynamics was introduced, forces
between nucleons were explained by the exchange of pions and other mesons. Pions are
1
spin-0 pseudoscalar particles, obeying the Klein Gordon equation and interacting with
baryons through a pseudoscalar Yukawa vertex. Currently, strong forces are described at
its most elemental level by QCD. However, the pion picture can be seen as a low energy
effective theory describing the interactions between nucleons.
In this paper, the focus of our attention will be quantum corrections rather than
tree-level phenomenology; for this purpose, we will need to define an appropriate renor-
malization scheme. Some work on renormalization has already been done within the SME
context; the main results are in electrodynamics [27, 28], electroweak interactions [29],
and non-abelian gauge theories [30, 31].
This paper is organized as follows: From sections 2 to 4 we will focus on a Lorentz-
violating theory for N scalar fields. We will start by discussing its Lagrangian and Feyn-
man rules in sections 2. Quantum corrections for the correlation functions are computed
in section 3. In section 4, we look at the implications of these results: verifying renor-
malizability, calculating the renormalization group (RG) β-functions, and showing how
the Lorentz-violating theory may be solved exactly in terms of conventional Lorentz-
invariant, φ4 theory. In sections 5 and 6, the same procedure is applied to a theory with
LV in Yukawa interactions. Section 5 introduces its Lagrangian and includes the calcu-
lation of the one-loop corrections to the theory’s correlation functions. The divergences
and RG behavior is studied is section 6. Section 7 summarizes our conclusions.
2 Lorentz Violation for N Scalar Fields
2.1 SME Lagrangian
A Lorentz-invariant theory with N massive scalar fields, interacting through a φ4 inter-
action can be described by the O(N) symmetric Lagrange density
L = 1
2
(∂µφi)(∂µφi)− 1
2
µ2φ2i −
λ
4!
(φ2i )
2, (1)
where φ2i = φ
2
1 + · · ·+ φ2N .
In the unbroken symmetry phase (µ2 > 0), the dispersion relation for any excitation
of a field φi takes the usual form E =
√
p2 + µ2. Let us now consider adding dimension
3 and 4 Lorentz-violating operators, to give a Lagrange density of the form
LK = 1
2
(∂µφi)(∂µφi) +
1
2
N∑
i=1
Kiµν∂
µφi∂
νφi − 1
2
µ2φ2i +
N∑
i=1
uβi φi ∂βφi
+
N∑
j=1
φ2i v
β
j ∂βφj −
λ
4!
(φ2i )
2, (2)
with |Kiµν | ≪ 1. The terms involving the uβi and vβj coefficients in eq. (2) are trivial and can
be dropped in a theory with space-time independent coefficients, because they represent
2
total derivatives. LK does not respect Lorentz invariance. For example, if Kiµν = Ki00δ0µδ0ν ,
the dispersion relation for φi takes the form E =
√
p2 −Ki00(p0)2 + µ2, which is clearly
not boost invariant. LK is, however, invariant under CPT transformations.
The dimensionless coefficients Kiµν are expected to be very small (because Lorentz
invariance is at least approximately valid). The inclusion of higher-dimensional operators
could effectively make them depend on the momentum carried by the fields, generating
additional new effects. However, we will assume them to be constant and, moreover, equal
for each field (Kiµν = Kµν), preserving the O(N) symmetry. Their constancy relies on the
inference that momentum-dependent terms would arise at an energy scale far beyond the
one of interest. The symmetry condition Kµν = Kνµ is also implied by the structure of
the Kµν∂
µφi∂
νφi term.
2.2 Feynman Rules for the Renormalized Theory
The Lagrangian defined in eq. (2) demands the introduction of new Feynman rules that
account for the effects of the coefficients Kµν . Following a perturbative approach, the
Lagrangian density will be written as LK = L0 + Lint, where
L0 = 1
2
(∂µφi)(∂µφi) +
1
2
Kµν∂
µφi∂
νφi − 1
2
µ2φ2i (3)
and
Lint = − λ
4!
(φ2i )
2 = − λ
4!
(
N∑
i
φ4i + 2
N∑
i 6=j
φ2iφ
2
j
)
. (4)
Note that no Lorentz-violating modification of Lint is possible without including op-
erators of higher dimension. In momentum space, the free Feynman propagator derived
from eq. (3) is
DijF (p) = DF (p)δ
ij =
i δij
p2 +Kµνpµpν − µ2 + iǫ . (5)
Although this is the exact propagator for the free theory, loop calculations will be very
difficult to perform if the full expression is used. Taking advantage of the fact that the
coefficients Kµν are small, we expand eq. (5) as
DF (p) =
i
p2 − µ2 + iǫ
[
1− Kµνp
µpν
p2 − µ2 +
KµνKρσp
µpνpρpσ
(p2 − µ2)2 + · · ·
]
. (6)
The free propagator becomes an infinite sum. The inclusion of the first two corrections
should be an excellent approximation, but the effect of all higher order contributions
will also be included in section 4. (where we also show how using the Lorentz-violating
propagator given by eq. (5) is equivalent to transforming the action, by means of the intro-
duction of the Jacobian induced by the matrix K.) Using a diagrammatic representation,
the free propagator for the field φi will be represented by
3
= − i
3
λδ{ijδkl} = iδ
ij
p2−µ2+iǫ
= − iδijKµνpµpν
(p2−µ2+iǫ)2
i j
k l
i j
i j
p
p
= iδij(p2δZ − δµ) + iδijKµν
[
ηµν(p2δZ1 − δµ1)− pµpνδZ2
]
+iδijKµνKαβ
[
ηµνηαβ(p2δZ3 − δµ3) + ηµαηνβ(p2δZ4 − δµ4)
− ηµνpαpβδZ5 − ηµαpνpβδZ6
]
= − i
3
δ{ijδkl}
[
δλ + δλ1Kµνη
µν +KµνKαβ(δλ2η
µνηαβ + δλ3η
µαηνβ)
]
i
p
j
i j
k l
Figure 1: Feynman rules for N scalar fields with LV. We defined δ{ijδkl} ≡ δijδkl+δikδjl+
δilδjk.
= + + + · · · ,
where each black dot represents a Lorentz-violating K insertion.
The vertex is not directly affected by the introduction ofK. However, a K dependence
arises at the quantum level, because the renormalized vertex contains internal propagators.
The Feynman rules for this theory are summarized in fig. 1, where the set of counterterms
required to renormalize the theory is also introduced.
3 Corrections to Scalar Correlation Functions
3.1 The Vertex
In order to find the corrections to the four-point function, we will include all the one-
loop contributions, which give O(λ2) corrections. The Lorentz-invariant diagrams that
contribute—up to O(λ2)—are shown in fig. 2. We begin with the Lorentz-invariant result,
which arises with the use of the propagator D0F (p) =
i
p2−µ2+iǫ
. In terms of the symmetric
sum of indices—δ{abδcd} = δabδcd + δacδbd + δadδbc—this contribution can be written as
iMijkl0 = −
iλ
3
δ{ijδkl} +
(−iλ
3
)2
i
[
M ijklV (s) +M ikjlV (t) +M iljkV (u)
]− i
3
δ{ijδkl}δλ,
(7)
where s, t and u denote the usual Mandelstam variables. Contracting the flavor indices
4
=i j
k l
i j
k l
i j
k l
i j
k l
i j
k l
i j
k l
+ + ++
Figure 2: Lorentz-invariant one-loop corrections to the scalar four-point function; the last
diagram represents the counterterm.
on any of the loop diagrams shown in fig. 2, we find
M ijkl = (N + 2)δijδkl + 2δ{ijδkl}. (8)
Since V (p2) includes a divergent contribution, some renormalization scheme must be
introduced. We will use dimensional regularization, where the spacetime dimension d is
d = 4− ǫ. The limit ǫ→ 0 produces the final results, as usual. Using the Feynman rules,
and denoting by p the momentum transfer, we find
V (p2) = − 1
2(4π)2
∫ 1
0
dx
Γ(ǫ/2)
∆ǫ/2
, (9)
where ∆ ≡ µ2 − x(1 − x)p2.
When we include the corrections arising from the Lorentz-violating terms, the function
V will be modified. For the one-loop case, we will denote by V (i) the contribution that
arises when i insertions of K are introduced on the internal lines. K insertions on the
external lines are not interesting, because those diagrams can be reduced by amputating
the Lorentz-violating external legs. When one K insertion is introduced on one internal
propagator, we find a correction
V (1) =
Kµν
(4π)2
∫ 1
0
dx
(1− x)
∆ǫ/2
[
ηµνΓ(ǫ/2)
2
− x
2pµpν
∆
]
(10)
to V . Two K insertions can be made in two different ways, both on the same internal
line or one on each line. Combined together, they give
V (2) = −KµνKρσ
2(4π)2
∫ 1
0
dx
(1− x)
∆ǫ/2
[
Γ(ǫ/2)
4
η{µνηρσ} − x
2∆
ηµνpρpσ +
x3(1− x)
∆2
pµpνpρpσ
]
. (11)
The two-loop corrections were also computed. Since the results are rather complicated,
they are not shown, but their contributions to the β-function will be included.
3.2 The Scalar Propagator
As is well known, the lowest-order correction to the scalar propagator in φ4 theory does
not have any momentum dependence. Therefore, to study the effects of Kµν on the
5
= + +
+ + +
Figure 3: Renormalizable O(λ2) corrections to the scalar propagator.
field strength renormalization, we must consider two-loop contributions. In the Lorentz-
invariant case, the lowest order corrections—up to two-loop order—to the scalar propa-
gator are represented by the diagrams in fig. 3, which can be written as
D¯ijF (p) = δ
ijD0F (p) +
−iλ
3
δijD0F (p)Z
(0)
1 (p)D
0
F (p) +
(−iλ
3
)2
δijD0F (p)iZ
(0)
2 (p)D
0
F (p)
+ D0F (p)iδ
ij(p2δZ − δm)D0F (p). (12)
The loop contribution of O(λnKm) is denoted Z(m)n . The tadpole diagram, which is the
lowest correction—but momentum-independent—gives the usual infinite contribution at
O(K0)
Z
(0)
1 =
(N + 2)
2(4π)2
Γ(1− d/2)
(µ2)1−d/2
. (13)
The inclusion of Lorentz-violating terms in the tadpole also gives infinite results. When
one or two K insertions appear inserted on the internal line we find, respectively,
Z
(1)
1 = −
(N + 2)
4(4π)2
Γ(1− d/2)
(µ2)1−d/2
Kµνη
µν , (14)
Z
(2)
1 =
(N + 2)
16(4π)2
Γ(1− d/2)
(µ2)1−d/2
KµνKρση
{µνηρσ}. (15)
The first correction to the field strength renormalization comes from the two-loop
sunset diagram—the fourth one shown in fig. 3. The other diagrams do not depend on
the momentum, so they can totally be absorbed in the mass counterterm. The Lorentz-
invariant value of the sunset diagram is given by the integral
δijZ
(0)
2 = −
i
3!
δ{ikδlm}δ{opδnj}
∫
ddk1
(2π)d
ddk2
(2π)d
iδmn
(p− k1 − k2)2 − µ2
iδko
k21 − µ2
iδlp
k22 − µ2
, (16)
which becomes after some algebra
Z
(0)
2 =
(N + 2)
2(4π)4
∫ 1
0
dx
∫ 1−x
0
dy
Γ(−1 + ǫ)
g 2−ǫ/2
(∆1)
1−ǫ, (17)
6
where g ≡ x2 − x + xy − y + y2, ∆1 ≡ yfg p2 − µ2, and f ≡ x2 − x + xy. To find the
contributions from the Lorentz-violating terms, we introduce a K insertion on any of the
three internal lines. Each such insertion gives the same contribution; thus the total result
is
Z
(1)
2 =
3(N + 2)Kµν
2(4π)4
∫ 1
0
dx
∫ 1−x
0
dy
y (∆1)
−ǫ
g 3−ǫ/2
[
Γ(−1 + ǫ)
2
(1− y)ηµν∆1 − Γ(ǫ)f
2
g
pµpν
]
. (18)
When twoK insertions are introduced in the internal lines, there are two different possibil-
ities. As in the four-point function case, the Lorentz violating insertions can be introduced
on the same line or on different ones. Each case has a total of three possibilities, and all
of them add up to make
Z
(2)
2 =
3(N + 2)
2(4π)4
KµνKρσ
∫ 1
0
dx
∫ 1−x
0
dy
y(∆1)
−ǫ
g 4−ǫ/2
{
Γ(−1 + ǫ)
4
[
y(1− y)2 + 2(1− x− y)x2]
×(ηµνηρσ + ηµρηνσ)∆1 + Γ(ǫ)
2
x2(1− x)(1 − x− y) ηµνpρpσ
+
1
2∆1
yf 2
g2
x2(x2 − 2x+ 1− y2)pµpνpρpσ
}
. (19)
4 Renormalization and Finite Terms
4.1 β- and γ-Functions
Before extracting the divergences of this theory, we must define an appropriate set of
renormalization conditions. These conditions will also be necessary to compute finite
corrections, which will be done in section 4.2. We will use the standard φ4 theory renor-
malization conditions:
d
dp2
(∣∣∣∣
p2=−M2
= 0,
∣∣∣∣
p2=−M2
= 0,1PI 1PI
)
p2 p2
p3
p1
p4
p2
k
i
l
j
∣∣∣∣∣∣∣∣
s=t=u=−M2
= − iλ
3
δ{ijδkl}.
7
Using the results found in section 3 and the renormalization conditions defined above, we
find (neglecting their finite contributions)
δλ =
λ2(N + 8)
6(4π)2
[
Γ(ǫ/2)− lnM2]+O(λ3) = −2δλ1 = 8δλ2 = 4δλ3 ,
δZ = −λ
2(N + 2)
36(4π)4
[
Γ(ǫ)− lnM2]+O(λ3) = −δZ1 = −δZ2 = 2δZ3 = 2δZ4 = δZ5 ,
δZ6 = 0. (20)
The O(λ3) corrections in the vertex and the propagator counterterms come from two- and
three-loop order corrections respectively. A two-loop approximation will be used in the
β-function calculation. (However, we shall not discuss the mass renormalization.) These
results confirm renormalizability of the theory. There are no other divergences at one-loop
order, the relations among the counterterms are consistent with the O(N) symmetry, and
all nonlocal divergences are canceled at two-loop order.
Using the relations (20) and the Callan-Symanzik equation (CSE)[
M
∂
∂M
+ β(λ)
∂
∂λ
+ nγ(λ)
]
G(n)(p1, p2, . . . , pn)
∣∣∣∣
−M2
= 0, (21)
we find the β- and γ-functions
β(λ) =
λ2(N + 8)
3(4π)2
Π− λ
3(3N + 14)
3(4π)4
Π 2 +O(λ4) (22)
γ(λ) =
λ2(N + 2)
36(4π)4
Π 2 +O(λ3), (23)
where Π =
(
1− 1
2
Kµνη
µν + 1
8
KµνKαβη
{µνηαβ}
)
+O(K3).
Although the function Π was computed up to second order in K, it can be general-
ized to any order. For this purpose, we must compute the infinite contribution to V (n),
which represents the one-loop correction to the scalar vertex when n insertions of K are
introduced. A detailed explanation can be found in the appendix. The result is
V (n)∞ =
(−1)n+1
2(4π)2
(
1
2
)n
1
n!
Γ(ǫ/2)Kµ1ν1Kµ2ν2 · · ·Kµnνnη{µ1ν1ηµ2ν2 · · · ηµnνn}. (24)
with the symmetrized sum Kµ1ν1Kµ2ν2 · · ·Kµnνnη{µ1ν1ηµ2ν2 . . . ηµnνn} ≡ sˆn[Kµνηµν ] as de-
fined by eq. (A4) in the appendix. Once the contributions from the different channels are
included, the K-independent term V
(0)
∞ = −Γ(ǫ/2)2(4π)2 reproduces the O(λ2) Lorentz-invariant
term of eq. (22). Therefore, the remaining n-dependent factor in eq. (24) is the O(Kn)
contribution to Π. Adding all the contributions at all orders (as shown in the appendix),
we find
Π =
1√
det(1+K)
, (25)
8
which was also found in the low energy regime in [32]. Using this result, we see that the
β- and γ-functions rescale as
β(λ) =
∞∑
n=2
λnβ(0)n
[
det(1+K)
]−(n−1)/2
, γ(λ) =
∞∑
n=2
λnγ(0)n
[
det(1+K)
]−n/2
, (26)
where β
(0)
n and γ
(0)
n are the O(λn) results for the Lorentz-invariant theory.
This result is to be expected. To understand why this rescaling is possible, we consider
the action for the theory
S =
∫
d4x
{
1
2
[
ηµν +Kµν
]
∂µφi ∂νφi − 1
2
µ2φ2i −
λ
4!
(φ2i )
2
}
. (27)
Under the change in coordinates, x′µ = xµ − 1
2
Kµν x
ν , the partial derivatives transform
as ∂ ′µ = ∂µ +
1
2
Kνµ∂ν . Under this transformation, the K-dependence in eq. (27) can be
eliminated, although the transformation has a nontrivial Jacobian. To first order in K,
J =
∣∣det ( ∂xµ
∂x′ν
)∣∣ = ∣∣det(δµν + 12Kµν )∣∣. Including the correct transformation and Jacobian
to all orders, eq. (27) becomes
S =
∫
d4x′
√
det(1+K)
[
1
2
(∂ ′µφ i)
2 − 1
2
µ2φ2i −
λ
4!
(φ2i )
2
]
=
∫
d4x′
[
1
2
(∂ ′µφ
′
i )
2 − 1
2
µ2φ ′2i −
λ ′
4!
(φ ′2i )
2
]
. (28)
where
φ ′i =
[
det(1+K)
]1/4
φ i , λ
′ =
[
det(1+K)
]−1/2
λ . (29)
The relations (26) can then be deduced after using only the redefinitions (29). Note that
this means that when there are only scalar fields, the theory with K is equivalent to the
Lorentz-invariant φ4 theory, albeit in different coordinates.
4.2 Finite Corrections
In this section, we will present the finite contributions to the two- and four-point functions,
using the renormalization conditions given in section 4.1. Using these conditions, and
neglecting terms of the order O(K2), we find
Z
(1)
2 (p · p , µ2,M2) = −
(N + 2)Π 2
2(4π)4
[
p2 +M2
2
−
∫ 1
0
dx
∫ 1−x
0
dy
∆1(p
2)
g2
ln
(
∆1(p
2)
∆1(−M2)
)
+ 3Kµνp
µpν
∫ 1
0
dx
∫ 1−x
0
dy
yf 2
g4
{
ln
(
∆1(p
2)
∆1(−M2)
)
− yf
g
p2 +M2
∆1(−M2)
}]
= Π 2Z
(0)
2
(
p ◦ p , µ2,M2 −Kµνpµpν
)
. (30)
9
In (30), p · p and p ◦ p indicate different inner products of p with itself. For the first case,
p i ·pj = ηµνpµi pνj , while pi ◦pj = (ηµν+Kµν)pµi pνj for the second. Since the renormalization
conditions are defined at p2 = −M2, it is natural thatM2 rescales asM2 →M2−Kµνpµpν .
The lowest-order finite correction to the vertex is
V (1)(p) =
Π
2(4π)2
{∫ 1
0
dx ln
[
∆(p)
∆(−M2)
]
− 2Kµνpµpν
∫ 1
0
dx
(1− x)2x3(p2 +M2)
∆(p2)∆(−M2)
}
= ΠV (0)
(
p ◦ p , µ2,M2 −Kµνpµpν
)
. (31)
Eqs. (30) and (31) can be generalized to any order in K, using the relationship to
the conventional theory discussed in section 4.1. Adding the contributions from all loop
orders, the quantum corrections to the two- and four-point functions for the Lorentz-
violating theory can be written as
G
(2)ij
K =
2∏
l=1
i δij
p ◦ p− µ2
∞∑
q=1
Zq
(
Πλ , {p ◦ p}, µ2,M2 −Kµνpµpν
)
(32)
G
(4)ijkl
K =
4∏
n=1
iΠ−1
pn ◦ pn − µ2
∞∑
q=1
V ijklq
(
Πλ , {pi ◦ pj}, µ2,M2 −Kµνpµpν
)
, (33)
where Zq and V
ijkl
q are the q-loop contributions (with no external legs) to the propagator
and vertex of the Lorentz-invariant theory, respectively. Eqs. (32) and (33) can easily be
generalized to any n-point function, which is in agreement with the transformations (29).
5 Lorentz Violation in Yukawa Interactions
5.1 SME Lagrangian
Having studied the pure scalar sector in detail, we will now turn our attention to theories
that include fermions and Yukawa interactions, with dimension 2, 3 and 4 operators within
the SME framework. We start by writing the general Lagrange density
LY = 1
2
∂µφ∂µφ+
1
2
Kµν∂µφ∂νφ+ u
βφ∂βφ+ φ
2vβ∂βφ− V (φ)
+ ψ¯(iΓµ∂µ −M)ψ − φψ¯Gψ, (34)
where
Γν = γν + Γν1 = γ
ν + cµνγµ + d
µνγ5γµ + e
ν + iγ5f
ν +
1
2
gλµνσλµ (35)
M = m+ iγ5m
′ +M1 = m+ iγ5m
′ + aµγµ + b
µγ5γµ +
1
2
Hµνσµν (36)
G = g + iγ5g
′ +G1 = g + iγ5g
′ + Iµγµ + J
µγ5γµ +
1
2
Lµνσµν . (37)
10
Operator C P T CP CT PT CPT
g, m, c00, cij , Kµν + + + + + + +
bj , Jj , gi0k, gij0 + + − + − − −
b0, J0, gi00, gijk + − + − + − −
g′, m′, c0j , cj0 + − − − − + +
a0, I0, e0, fj − + + − − + −
Hij , Lij , dj0, dj0 − + − − + − +
H0j , L0j , d00, dij − − + + − − +
aj, Ij, ej, f0 − − − + + + −
Table 1: Discrete symmetry properties.
In QED, the LV at the fermion-boson vertex is entirely determined by the coefficients in
the free fermion sector [2]. This is a consequence of gauge invariance in QED, but the
same requirement does not apply here. Instead, there may be distinct Iµ, Jµ and Lµν
coefficients. The Lorentz violation in the pure scalar sector is described by the symmetric
matrix Kµν , as before, although we shall specialize to the particular case N = 1. The
terms uβφ∂βφ =
1
2
∂β(u
βφ2) and φ2vβ∂βφ =
1
3
∂β(v
βφ3) in eq. (34) can again be dropped
for constant uβ and vβ.
A list of the discrete symmetry properties of the operators shown in eqs. (34–37) is
shown in table 1. The mixing of operators under quantum corrections is constrained by
these symmetries. However, the situation is more complex than in QED, because the
Lorentz-invariant operators parametrized by m′ and g′ are odd under P and T. Conse-
quently, operators with different P and T symmetries may mix, through multiplication
by m′ and g′.
The potential V (φ) describes the interaction among the scalar fields; it will be given
as usual by
V (φ) =
1
2
µ2φ2 +
1
4!
λφ4, (38)
with λ > 0.
As usual, quantum corrections modify the propagation and interactions of the different
fields. The calculation of these corrections as well as the divergences that determine the
behavior of the β-functions will be studied in the next sections. The Feynman rules for
this theory are summarized in fig. 4.
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= i(6p+m−iγ5m
′)
p2−(m2+m′2)p p p
= iΓµ1pµ
= −iM1×
= −i(g + iγ5g′)
= −iG1
= i
p2−µ2p
≡ −iδG = −iδg + γ5δg′ − iγµ(δI)µ
−iγ5γµ(δJ)µ − 12 iσµν(δL)µν
⊗
= iKµνpµpν
p p
⊗ ≡ iδΦ = i(p2 +Kµνpµpν)δφ − iδµ + ipµpν(δK)µν
p p
≡ iδΨ = i(Γµpµ −M1)δψ − iδm + γ5δm′ + ipµδµe − pµγ5δµf + iγµpνδµνc
+iγ5γµpνδ
µν
d +
1
2
iσλµpνδ
λµν
g − iγµδµa − iγ5γµδµb − 12iσµνδµνH
p p
⊗
= −iλ ⊗ = −iδλ
Figure 4: Feynman rules for the Yukawa theory with LV.
5.2 The Scalar Propagator
At one-loop order, we will consider all the possible corrections to the scalar propagator.
They can be divided in two groups, with each group related to a specific vertex—scalar
or Yukawa. The total one-loop contribution to the scalar propagator—including external
leg corrections—will be written as
i
p2 +Kµνpµpν − µ2 iZ(p)
i
p2 +Kµνpµpν − µ2 (39)
where Z(p) is the sum of all one-particle-irreducible (1PI) insertions into the scalar propa-
gator. The contribution given by the pure scalar sector, ZK(p), was previously computed,
so we will only show the results for the Yukawa vertices. We will focus our attention on
the divergences, which determine the behavior under the RG. The correction coming
from the Yukawa sector will be written as Z(p) = Z0(p) +
∑
x Z
x(p), where Z0(p) is the
Lorentz-invariant contribution, given below by eq. (40), and Zx(p) includes the Lorentz-
violating contribution associated with the coefficient x. The diagrams that contribute to
12
×
Figure 5: Lowest order diagrams with LV that contribute to Z(p). There are another
three diagrams that contribute—when the Lorentz-violating insertion is introduced in the
opposite internal line or vertex. However, they give the same results.
the various Zx(p) are illustrated in fig. 5. The Lorentz-invariant contribution is
iZ0 =
4i
(4π)2
∫ 1
0
dx
{
Γ(ǫ/2)
∆
ǫ/2
2
[
3(g2 + g′ 2)x(1 − x)p2 − (3g2 + g′ 2)m2 − ( g2 + 3g′ 2)m′ 2
]}
− 4i(g
2 + g′ 2)
(4π)2
(
m2 +m′ 2 − 1
6
p2
)
+
ig′ 2
(4π)2ǫ
Tr
[
γ5{γα, γ5}γβ
][
(m2 +m′ 2)ηαβ − 1
6
p2ηαβ − 1
3
pαpβ
]
. (40)
where ∆2 = m
2 +m′ 2 − x(1− x)p2.
The last two terms in eq. (40) are finite corrections. For a theory in d = 4 dimensions,
{γ5, γν} = 0; however, the fact that d = 4 − ǫ, introduces an O(ǫ) correction in {γ5, γν}.
This is an analogue to the axial vector anomaly in a gauge theory. The infinite contribution
to eq. (40) is
iZ0∞ = 4iη
[
1
2
(g2 + g′ 2)p2 − (3g2 + g′ 2)m2 − 4gg′mm′ − (g2 + 3g′ 2)m′ 2
]
, (41)
where η ≡ Γ(ǫ/2)
(4π)2
. The Lorentz-violating infinite contributions are:
iZc∞ = 4iη c
µν
[
− 1
2
(g2 + g′ 2)p2ηµν + (g
2 + g′ 2)pµpν +m
2(3g2 + g′ 2)ηµν
+4gg′mm′ηµν +m
′ 2(g2 + 3g′ 2)ηµν
]
(42)
iZe∞ = −8iη g(gm+ g′m′)eµpµ (43)
iZf∞ = −8iη g′(gm+ g′m′)fµpµ (44)
iZa∞ = 8iη(g
2 + g′ 2)aµpµ (45)
iZd∞ = iZ
g
∞ = iZ
b
∞ = iZ
H
∞ = iZ
I
∞ = iZ
J
∞ = iZ
L
∞ = 0. (46)
The terms Ze∞, Z
f
∞ and Z
a
∞ are unimportant total derivatives that can be dropped. In
a more general theory that included spacetime-dependent Lorentz-violating coefficients,
terms of the form pµQ
µ({yi}) could no longer be discarded, because they would not
represent total derivatives. In this case, they would generate quantum corrections to the
term uαφ∂αφ.
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×Figure 6: Lorentz-violating one-loop contributions to the fermion self-energy.
5.3 Fermion Propagator
At the lowest order, the fermion propagator is only corrected by the emission and reab-
sorption of a virtual scalar field. Its one-loop Lorentz-invariant contribution is
− iΣ = i
(4π)2
∫ 1
0
dx
Γ(ǫ/2)
∆
ǫ/2
3
[
(g + iγ5g
′)2(m− iγ5m′) + (g2 + g′ 2)x6p
]
− g
′(g + iγ5g
′)
(4π)2ǫ
{6p , γ5}, (47)
with ∆3 = xµ
2 + (1− x)(m2 +m′,2)− x(1 − x)p2. The infinite part of eq. (47) is
− iΣ∞ = iη
{
1
2
(g2 + g′ 2)6p + (g2 − g′ 2)m+ 2gg′m′ − iγ5
[
(g2 − g′ 2)m′ − 2gg′m
]}
. (48)
The infinite Lorentz-violating contributions to the fermion self-energy can be divided
into the ones coming from the insertions on the vertices, and on the scalar and fermion
propagators. The three types give respectively
− iΣI∞ = iηIµ
[
g pµ + iγ5g
′pµ + 2(gm+ g
′m′)γµ
]
(49)
−iΣJ∞ = iηJµ
[
− 1
2
g εµναβ σ
αβpν + g′σµνp
ν + 2(gm+ g′m′)γ5γµ
]
(50)
−iΣL∞ = iη
1
2
Lµν
[
− gγ5 εµναβ γβpα − 2g′γ5pµγν + 2(gm+ g′m′)σµν
+(g′m− gm′)εµναβ σαβ
]
(51)
−iΣK∞ = −iηKµν
{
1
6
(g2 + g′ 2)(ηµν 6p− pµγν) + 1
4
[
(g2 − g′ 2)m+ 2gg′m′
]
ηµν
− i
4
γ5
[
(g2 − g′ 2)m′ − 2gg′m
]
ηµν
}
(52)
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− iΣc∞ = −iη cµν
{
1
6
(g2 + g′ 2)(ηµν 6p + pµγν − 2γµpν) + 1
2
[
(g2 − g′ 2)m+ 2gg′m′
]
ηµν
− i
2
γ5
[
(g2 − g′ 2)m′ − 2gg′m
]
ηµν
}
(53)
−iΣd∞ = iη dµν
{
1
6
γ5(g
2 + g′ 2)(ηµν 6p+ pµγν − 2γµpν)
+
1
4
[
(g2 − g′ 2)m+ 2gg′m′
]
εµναβ σ
αβ +
1
2
[
(g2 − g′ 2)m′ − 2gg′m
]
σµν
}
(54)
−iΣe∞ = −
1
2
iηeµ
[
(g2 − g′ 2)pµ + 2iγ5gg′pµ + (g2 + g′ 2)mγµ
]
, (55)
−iΣf∞ =
1
2
iη fµ
[
iγ5(g
2 − g′ 2)pµ − 2gg′pµ − (g2 + g′ 2)m′γµ
]
(56)
−iΣg∞ = −iη gλµν
{
1
12
(g2 − g′ 2)
[
σλµpν + 2ηλνσµβp
β − 2σλνpµ
]
− 1
4
(g2 + g′ 2)mγ5ελµνβγ
β
+
1
12
gg′
[
ελµαβσ
αβpν + 2ηλνεµβαρ σ
αρpβ − 2ελναρ σαρpµ
]
−1
2
(g2 + g′ 2)m′γ5ηλνγµ
}
(57)
−iΣa∞ = −
1
2
iη(g2 + g′ 2)aµγµ (58)
−iΣb∞ =
1
2
iη(g2 + g′ 2)bµγ5γµ (59)
−iΣH∞ = 0. (60)
5.4 Yukawa Vertex Corrections
We now consider the quantum correction to the Yukawa vertex, beginning with the usual
vertex correction with no Lorentz-violating terms. Denoting as p, p′, and q = p′ − p the
momenta of the incoming fermion, outgoing fermion and incoming boson respectively, we
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Figure 7: Lorentz-violating corrections to the Yukawa vertex.
find
iG = 2iη(g + iγ5g′)(g2 + g′ 2)
∫ 1
0
dx
∫ 1−x
0
dy
1
∆
ǫ/2
4
− i(g
2 + g′ 2)
2(4π)2
(g + iγ5g
′) (61)
− i(g + iγ5g
′)
(4π)2
∫ 1
0
dx
∫ 1−x
0
dy
1
∆4
{
( 6 l +m− iγ5m′)
[
(g2 + g′ 2)( 6 l+ 6q)
+ (m− iγ5m′)(g + iγ5g′)2
]}
− g
′(g2 + g′ 2)
2(4π)2ǫ
γα {γα, γ5},
where we have defined l ≡ p(1− x)− yp′ and ∆4 ≡ µ2(1− x− y) + (x+ y)(m2 +m′ 2)−
x(1 − x)p2 + 2xyp′ · p− y(1− y)p′ 2. In terms of ξ ≡ Γ(ǫ/2)
(4π)2
(g2 + g′ 2), the infinite part of
eq. (61) is just
iG∞ = iξ(g + iγ5g′). (62)
Now we want to solve the eight diagrams shown in fig. 7 that include the LV. They produce
the infinite results
iGI∞ =
3
2
iξIµγµ (63)
iGJ∞ =
5
2
iξJµγ5γµ (64)
iGL∞ = iξLµνσµν (65)
iGK∞ = −
1
4
iξ(g + iγ5g
′)Kµνηµν (66)
16
p1 p2 p1 p2 p1 p2
p3 p4 p3 p4
p3 p4
k k
k
Figure 8: Three of the six Lorentz-invariant diagrams involving a fermion loop and four
external scalar legs. The other three are obtained by flipping the direction of the fermion
current.
iGc∞ = −
1
2
iξ(g + iγ5g
′)cµνηµν (67)
iGd∞ = −
1
4
iξdµν
(
− g εµναβ σαβ + 2g′σµν
)
(68)
iGe∞ = −
1
2
iξgeµγµ (69)
iGf∞ = −
1
2
iξg′ fµγµ (70)
iGg∞ =
1
4
iξgλµν
(
gγ5 ελµνβγ
β + 2g′γ5ηλνγµ
)
(71)
iGa∞ = iGb∞ = iGH∞ = 0. (72)
5.5 Scalar Vertex
In addition to the corrections coming from the pure scalar sector discussed in section 3.1,
there are extra corrections to the φ4 vertex, coming from diagrams with fermion loops.
At the lowest order, there are a total of six different diagrams that contribute; three of
them are shown in fig. 8. The complete expression for the diagrams shown in fig. 8 is
extremely long, even in the Lorentz-invariant case. Nevertheless, obtaining the divergences
is straightforward, since the diagrams can have at most logarithmic divergences. Taking
into account the six different contributions, the infinite part for the Lorentz-invariant case
is
iV∞ = −24iη(g2 + g′ 2)2. (73)
The infinite Lorentz-violating corrections only receive contributions from cµν , and the
result is
iV c∞ = 24iη(g
2 + g′ 2)2 cµνηµν . (74)
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Operator Scalar Field Counterterm
p2 δφ = −2η(g2 + g′ 2)
1 δµ2 = −4η[m2(3g2 + g′ 2) + 4gg′mm′ +m′ 2(g2 + 3g′ 2)](1− c νν)
−λζ(1− 1
2
Kνν)
pµpν δ
µν
K = −2η(g2 + g′ 2)( cµν + cνµ − cααηµν −Kµν)
Table 2: One-loop counterterms for the scalar sector, in terms of η = Γ(ǫ/2)
(4π)2
and ζ =
Γ(−1+ǫ/2)(µ2)1−ǫ/2
2(4π)2
.
6 Renormalization
6.1 Renormalization Conditions
To renormalize the theory, an appropriate set of renormalization conditions must be intro-
duced. For the scalar propagator and vertex, we will use the renormalization conditions
shown in section 4.1. For the fermion propagator and Yuwawa vertex, we will use the
conditions
d
d6p
(∣∣∣∣
6p=iM
= 0,
∣∣∣∣
6p=iM
= 0,1PI 1PI
)
p p
p′
q
p
∣∣∣∣∣∣∣∣
q2=−M2
= −i(g + iγ5g′).
Let Ξ be a general one-loop correction. In the massless limit (m2, µ2 ≪ M2), its
contribution evaluated at M can be written as
Ξ ≡ Ξ∞
[
Γ(ǫ/2)− lnM2 + finite], (75)
where Ξ∞ is its divergent coefficient, which determines the counterterms. A list of these
counterterm coefficients can be found in tables 2, 3 and 4.
6.2 β-Functions
After finding the full set of counterterms, we can compute the β-function associated with
each operator. These determine how the coupling constants evolve with the momentum
18
Operator Fermion Field Counterterm
6p δψ = −12η(g2 + g′ 2)
1 δm = η
[
( g2 − g′ 2)m+ 2gg′m′](1− 1
2
cµµ − 14Kµµ)
γ5 δm′ = η
[
2gg′m− (g2 − g′ 2)m′ ](1− 1
2
cαα − 14Kαα)
pµ δ
µ
e = −η[ gIµ − g2eµ − gg′fµ]
γ5pµ δ
µ
f = −η[ g′Iµ − g′ 2fµ − gg′eµ]
γµpν δ
µν
c =
1
6
η(g2 + g′ 2)[ cµν + cνµ −Kµν + ηµν(cαα +Kαα)]
γ5γµpν δ
µν
d = −η[ g′Lµν − 16( g2 + g′ 2)(5dµν − dνµ − ηµνdαα)− 12g εαβνµLαβ]
σλµpν δ
λµν
g = η[
1
3
(2g2 + g′ 2)gλµν + 1
3
(g2 − g′ 2)(gβλβ ηµν − gλνµ) + g εανλµJα
−2g′Jληµν + 1
6
gg′( g ναβ ε
αβλµ + 2gαβα ε
βνλµ + 2gνσρε
σρλµ)]
γµ δ
µ
a = η[ 2(gm+ g
′m′)Iµ − 1
4
(g2 + g′ 2)(2meµ + 2m′fµ)]
γ5γµ δ
µ
b = η[ 2(gm+ g
′m′)Jµ + 1
4
(g2 + g′ 2)(4bµ + 2m′gλµλ +mgλβν ε
λβνµ)]
σµν δ
µν
H = η[
1
2
(g2 + g′ 2)Hµν + 1
2
[(g2 − g′ 2)m+ 2gg′m′ ] εαβµνdαβ
+[(g2 − g′ 2)m′ − 2gg′m]dµν + 2(gm+ g′m′)Lµν + (g′m− gm′) εαβµνLαβ ]
Table 3: One-loop counterterms for the free fermion sector.
Operator Yukawa Vertex Counterterm
1 δg = ξg(1− 12cµµ − 14Kµµ)
γ5 δg′ = ξg
′(1− 1
2
cµµ − 14Kµµ)
γµ δ
µ
I =
1
2
ξ( 3Iµ − geµ − g′fµ)
γ5γµ δ
µ
J =
1
4
ξ( 10Jµ + g εαβνµ gαβν + 2g
′gλµλ )
σµν δ
µν
L =
1
2
ξ( 4Lµν + g εαβµν dαβ − 2g′dµν )
Scalar Vertex Counterterm
1 δλ =
3
2
η[λ2(1− 1
2
Kµµ)− 16( g2 + g′ 2)2(1− cµµ)]
Table 4: One-loop counterterms for the scalar and Yukawa interaction vertices.
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scale. For this purpose we will need the CSE[
M
∂
∂M
+
∑
xi
βxi
∂
∂xi
+ nγφ +mγψ
]
G(n,m)({p i}, {xi},M)
∣∣∣∣∣
−M2
= 0, (76)
where βxi is the β-function associated with a parameter xi (for instance c
µν , bµ, etc.).
The functions γφ and γψ are the usual γ-functions for the scalar and fermion fields. The
renormalization scaleM comes into play in the counterterms, which cancel the divergences
of the theory.
In the massless limit, we can describe the M-dependence of the counterterms δxi by
shifting η as η → ηM = 1(4π)2 [ Γ(ǫ/2)− lnM2 + finite ], where the finite contribution does
not depend onM . Therefore, the counterterms are shifted according to δxi(η)→ δxi(ηM),
and this implies that
M
∂
∂M
[
δxi(ηM)
]
= − 2
Γ(ǫ/2)
δxi(η) ≡ −2δ¯xi . (77)
where δ¯xi is just the finite factor that multiplies the divergent factor Γ(ǫ/2), i.e., Ξ∞ in
eq. (75).
We will explain in detail how the CSE can be applied to the scalar two-point function,
G(2)(p2, {xi},M). When the CSE is applied to the other correlation functions, the remain-
ing β-functions—which cannot be determined from G(2) alone—can also be computed.
The scalar two-point function can be written as the free correlation function plus the
one–loop corrections and the counterterms (including the external legs). It is given by
G(2)( p2, {xi},M) = D1F (p) +D1F (p)
[
iZ(p)
]
D1F (p) +D
1
F (p)
[
iδΦ(M)
]
D1F (p), (78)
where D1F (p) is the full free Lorentz-violating scalar field propagator, given by
D1F (p) =
i
p2 − µ2 +
i
p2 − µ2 iK
µνpµpν
i
p2 − µ2 +O(K
2) ≡ D0F (p)
[
1− Ω(K)], (79)
with D0F (p) the Lorentz-invariant propagator. iZ(p) is the total one loop correction
(including all the Lorentz-violating contributions), and iδΦ is the scalar field counterterm.
We will treat the masses as small perturbations; this means that µ
2
M2
≪ 1 and m2
M2
≪ 1.
The renormalization conditions previously stated in section 4.1 and 6.1 imply that
iZ(p , {xi})
∣∣∣∣∣
p2=−M2
+ iδΦ(M) = 0 (80)
∂
∂xi
[
iZ(p, {xi}) + iδΦ(M, {xi})
]∣∣∣∣∣
p2=−M2
= 0. (81)
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Now we can apply the CSE to eq. (78). The M ∂
∂M
operator in the CSE only acts on the
counterterm; therefore
M
∂
∂M
G(2)
∣∣∣∣∣
−M2
=
[
D1F (−M2)
]2
M
∂
∂M
iδΦ(M)
∣∣∣∣∣
p2=−M2
. (82)
The
∑
i βxi
∂
∂xi
will only act onD1F (p), because the contribution from the one-loop diagrams
and the counterterm cancel each other after evaluation at p2 = −M2. Since the free
Lorentz-violating propagator D1F (p) only depends on µ and K
µν , we find
∑
i
βxi
∂
∂xi
G(2)
∣∣∣∣∣
−M2
= −i[D0F (−M2)]2[1− Ω(K,−M2)]βµ2
+i
[
D0F (−M2)
]2
pαpβ(βK)
αβ. (83)
The last term of the CSE gives
2γφG
(2)
∣∣∣∣∣
−M2
= 2γφD
1
F (−M2). (84)
Using these three contributions—eqs. (82–84)—we find after some simplification
[
1− Ω(−M2)
]
M
∂
∂M
δΦ
∣∣∣∣∣
−M2
− βµ2 + pµpν(βK)µν + 2(M2 + µ2)γφ +O(K2) = 0, (85)
which becomes
− M2M ∂
∂M
δφ −M ∂
∂M
δµ2 + pαpβ
∂
∂M
(δK)
αβ − βµ2
+ pαpβ(βK)
αβ + 2(M2 + µ2)γφ +O
(
K
µ2
M2
)
= 0. (86)
Comparing powers of M2 and momentum, we see
γφ =
1
2
M
∂
∂M
[
δφ(ηM)
]
= −δ¯φ,
βµ2 = −M ∂
∂M
[
δµ2(ηM)− µ2δφ(ηM)
]
= 2
[
δ¯µ2(ζ = 0)− µ2δ¯φ
]
,
(βK)
µν = −M ∂
∂M
[
δµνK (ηM)
]
= 2δ¯µνK . (87)
As mentioned above, the remaining counterterms can be found applying the CSE to the
other correlation functions. For the fermion two-point function the process is similar to
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the one just explained; however, the fermion self-energy contains many more operators.
The vertices demand more work, since we must include corrections on the external legs,
using the expressions already found for the boson and fermion self-energies. The β- and
γ-functions of the fermion field operators are.
γψ = −δ¯ψ, (88)
βm = 2(δ¯m −mδ¯ψ) (89)
βm′ = 2δ¯m′ (90)
(βxi)
µ1,...,µn = 2(δ¯xi)
µ1,...,µn . (91)
On the other hand, the β-functions for the operators associated with the Yukawa and
scalar vertices are
βg = 2δ¯g − gδ¯φ − 2gδ¯ψ (92)
βg′ = 2δ¯g′ − g′δ¯φ − 2g′δ¯ψ (93)
(βI)
µ = 2δ¯µI − Iµδ¯φ − 2Iµδ¯ψ (94)
(βJ)
µ = 2δ¯µJ − Jµδ¯φ − 2Jµδ¯ψ, (95)
(βL)
µν = 2δ¯µνL − Lµν δ¯φ − 2Lµν δ¯ψ (96)
βλ = 2δ¯λ − 4λδ¯φ. (97)
6.3 Running Coupling Constants
Finally, we will describe the momentum dependence of the different operators whose
β-functions were found in section 6.2. Let xµ1...µni (p˜ ; {xj}) be a momentum-dependent
operator at p˜ = p/M ; xµ1...µni its value given at M (p˜ = 1); and (βxi)
µ1...µn its β-function.
Then, xµ1...µni (p˜ ; {xj}) satisfies the differential equation
p˜
d
dp˜
xµ1...µni (p˜ ; {xj}) = (βxi)µ1...µn ,
with boundary condition: xµ1...µni (1 ; {xj}) = xµ1...µni . (98)
Solving eq. (98) is difficult in general because of the mixing of different operators through
their β-functions, which produces a system of coupled nonlinear differential equations.
Since most of the β-functions depend on g and g′, we should solve for them first. Using
eq. (98), we find
p˜
dg
dp˜
=
g(g2 + g′ 2)
(4π)2
(
5− 1
2
cαα −
1
4
Kαα
)
(99)
p˜
dg′
dp˜
=
g′(g2 + g′ 2)
(4π)2
(
5− 1
2
cαα −
1
4
Kαα
)
. (100)
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Since |Kαα|, |cαα| ≪ 1, they can be neglected in eqs. (99) and (100). Defining the function
F (p˜) ≡ 1− 5
(4π)2
(g2 + g′ 2) ln p˜ 2, (101)
we find
g(p˜) = g
[
F (p˜)
]−1/2
=
g
g′
g′(p˜). (102)
Solving for the renormalization flow of the other operators is more difficult, and in most
of the cases, analytical solutions have not been found. One of the operators that does
offer a partial analytical solution is dµν . Using eq. (98), we find that dµν satisfies the
differential equation
p˜
d
dp˜
dµν = − 2
(4π)2
[
g′Lµν − 1
6
( g2 + g′ 2)(5dµν − dνµ − ηµνdαα) +
1
2
g εαβµνLαβ
]
.(103)
Tracing over dµν , we find that p˜ d
dp˜
dαα = 0, which means that d
α
α(p˜) = d
α
α. Moreover, since
Lµν is antisymmetric, the symmetric part of dµν , dµνS , satisfies the differential equation
p˜
d
dp˜
dµνS (p˜) =
(g2 + g′ 2)
3(4π)2
[
F (p˜)
]−1[
4dµνS (p˜)− ηµνdαα
]
. (104)
Eq. (104) can be integrated to give
dµνS (p˜)−
1
4
ηµνdαα =
(
dµνS −
1
4
ηµνdαα
)[
F (p˜)
]−2/15
. (105)
The antisymmetric part of dµν is coupled to Lµν , making its analytical solution much
more difficult to find. The rest of the operators—including the Dirac and Majorana
masses—require numerical solutions, which will not be shown.
An interesting situation is studying the behavior of a given β-function if only its cor-
responding Lorentz-violating coefficient is nonvanishing. This simplifies the problem and
helps us to figure out the behavior of these operators under the RG. When each Lorentz-
violating operator is considered alone, the β-function of some operators can decouple and
be brought to the form (βxi)
µ1...µn = fxi(g, g
′)xµ1...µni (p˜), which implies that
xµ1...µni (p˜) = x
µ1...µn
i exp
[∫
dp˜
p˜
fxi
[
g(p˜), g′(p˜)
]]
. (106)
Therefore, if the differential equation satisfied by the operator xµ1...µni (p˜) can be decoupled,
the function fxi
[
g(p˜), g′(p˜)
]
determines its behavior under the RG; this set of functions is
shown in table 5. When the operator gλµν is considered alone, it satisfies the differential
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Coefficient fxi
(
α¯g, α¯g′) Coefficient fxi
(
α¯g, α¯g′) Coefficient fxi
(
α¯g, α¯g′)
cµµ 2(α¯g + αg′) e
µ 2α¯g J
µ 8(α¯g + α¯g′)
cµνA 0 f
µ 2α¯g′ L
µν 7(α¯g + α¯g′)
cµνS
1
3
(α¯g + α¯g′) a
µ 0 Kµµ 4(α¯g + α¯g′)
dµµ 0 b
µ 2(α¯g + α¯g′) K
µν
S 4(α¯g + α¯g′)
dµνA 2(α¯g + α¯g′) H
µν (α¯g + α¯g′)
dµνS
4
3
(α¯g + α¯g′) I
µ 6(α¯g + α¯g′)
Table 5: List of the fxi
(
α¯g, α¯g′) functions in terms of the couplings α¯g ≡ g2(4π)2
[
F (p˜)
]−1
and α¯g′ ≡ g′ 2(4π)2
[
F (p˜)
]−1
. For the cµνS calculation, the condition c
µ
µ = 0 was assumed.
equation
p˜
d
dp˜
gλµν =
2
(4π)2
[
1
3
(2g2 + g′ 2) gλµν +
1
3
(g2 − g′ 2)
(
gβλβ η
µν − gλνµ
)
+
1
6
gg′
(
g ναβ ε
αβλµ + 2gαβα ε
βνλµ + 2gνσρε
σρλµ
) ]
, (107)
which cannot be decoupled, because eq. (107) contains operators (such us g ναβ ε
αβλµ and
gβλβ η
µν) that have different symmetry properties.
Although every β-function in table 5 is positive or zero, the mixing of the operators
that arises when multiple Lorentz-violating operators are considered might change the
global sign of the β-functions under some conditions. For example, when we consider both
KµνS and c
µν
S different from zero (but K
µ
µ = c
µ
µ = 0), their β-functions satisfy (βK)
µν
S =
−12(βc)µνS . This condition guarantees that one of the two operators is asymptotically free,
while the other one grows with momentum.This behavior can be seen in fig. 9
This generalizes the result found in [26], which found that the maximum velocities
in different sectors (equivalent to c00 and K00) flow toward equality low energies. In
fact, this is one aspect of a very general phenomenon. A traceless symmetric c can, like
a K, be eliminated (at leading order) by a coordinate redefinition. However, the same
redefinition will work for both the fermion and scalar sectors only if cµν+cνµ = Kµν . If the
equality holds, the LV is unphysical—a mere coordinate artifact. If the equality does not
hold, the physically relevant Lorentz-violating parameter is cµν + cνµ −Kµν . All physical
observables, and thus the one-loop β-function, just depend on that linear combination. It
follows that cµν + cνµ = Kµν (which represents physical LI) is a fixed point of the RG.
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Figure 9: Plots of MµνS (p˜) = K
µν
S (p˜) (continuous line) and M
µν
S (p˜) = c
µν
S (p˜) (dashed line)
versus p˜, for g = g′ = 0.5. The graph in the left shows their momentum evolution of
the their µ = ν = 1 components, while the one in the right describes the behavior of
their µ = ν = 2 components. The initial conditions are KµνS = c
µν
S = σ
(
δµ1 δ
ν
1 − δµ2 δν2
)
,
with σ ≪ 1. Note that the initial conditions imply that both c and K are traceless,
Kµµ = c
µ
µ = 0, and that the remaining components vanish.
7 Conclusions
First, we studied the behavior of a theory with N scalar fields with mass m, coupled by a
φ4 interaction. The theory was extended to the Lorentz-violating case by the introduction
of the coefficientsKµν . The theory was shown to be perturbatively renormalizable; eq. (26)
shows how to relate the β and γ function at any approximation level, once their expressions
for the Lorentz-invariant case are known. To find the finite corrections, eqs. (32) and (33)
can be used; we merely need to find the results in the Lorentz-invariant theory, which is
easier to solve.
In the pure scalar sector, the effect of the coefficients Kµν is the one expected. The
momenta as well as the renormalization scale are modified by p2 → p2 + Kµνpµpν and
M2 → M2−Kµνpµpν . This means that the Minkowsky metric is effectively modified from
ηµν to ηµν +Kµν , which breaks Lorentz invariance. However, a coordinate transformation
can make the action Lorentz invariant as long as the coupling constant λ and the fields
are rescaled. In the trivial case Kµν = Cηµν , the Lorentz violating and Lorentz invariant
Lagrangians lead to the same equations of motion under the rescaling φ → √1 + C φ,
m2 → m2
1+C
and λ → λ
(1+C)2
. This is consistent with eqs. (26), (32) and (33) by noting
that the function Π becomes Π→ (1 + C)−2.
With Yukawa coupling with fermions introduced, we showed how the theory can be
renormalized at the one-loop order. There are more renormalizable operators in this
theory than in Lorentz-violating QED. Moreover, when both the scalar and pseudoscalar
couplings g and g′ appear, there is mixing between operators with different P and T
symmetries.
The β-functions were found applying the CSE to correlation functions. The momen-
tum dependence of the Lorentz-violating operators was studied in detail in the situation
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where only one form of LV was nonvanishing. In this case, most of the operators have
positive β-functions, meaning that their values increase with the energy scale. When
various forms of Lorentz-violations are considered simultaneously, some of the operators
mix; their β-functions are modified and the overall signs of some β-functions can change.
Appendix: Scalar Vertex to all Orders in K
Let V (n1,n2) represent the one-loop contribution to the scalar vertex when n1 and n2
insertions of K are introduced in the first and second internal lines, respectively. Then
V (n1,n2) =
1
2
∫
ddq
(2π)d
i(−1)n1[Kµν(q + p)µ(q + p)ν]n1[
(q + p)2 − µ2]n1+1
i(−1)n2(Kµνqµqν)n2(
q2 − µ2)n2+1 . (A1)
For n = n1 + n2, there are n + 1 possible ways of distributing the n insertions between
the internal lines. Since V (n) diverges only logarithmically, its infinite contribution can
be found by setting p = 0; then
V (n)∞ =
1
2
(−1)n+1(n + 1)
∫
ddq
(2π)d
(
Kµνq
µqν
)n(
q2 − µ2)n+2 . (A2)
Performing the Wick rotation q0 = iq¯0 and q¯i = qi, we note that inside the symmetric
integration
(
Kµνq
µqν
)n
=
(−1)n(q¯2)nKµ1ν1Kµ2ν2 · · ·Kµnνnη{µ1ν1ηµ2ν2 · · · ηµnνn}
d(d+ 2) · · · [d+ 2(n− 1)] , (A3)
where Kµ1ν1 . . .Kµnνnη
{µ1ν1 . . . ηµnνn} = K{µ1ν1 . . .Kµnνn}η
µ1ν1 . . . ηνnνn ≡ sˆn[Kµνηµν ] is
given by
sˆn[Kµνη
µν ] = Kµ1ν1 · · ·Kµnνnηµ1ν1 · · · ηµnνn +Kµ1ν2 · · ·Kµnνnηµ1ν1 · · · ηµnνn + . . .
+ Kµ1ν3 · · ·Kµnνnηµ1ν1 · · · ηµnνn + all possible permutations
of the indices on the K (A4)
and represents the (2n−1)!! different ways of contracting n powers of Kµν and ηµν . Noting
that d(d+ 2) · · · [d+ 2(n− 1)] = 2n Γ(n+d/2)
Γ(d/2)
, we find that
V (n)∞ =
i(−1)n+1
2
(n+ 1)
2n
sˆn[Kµνη
µν ]
∫
ddq¯
(2π)d
Γ(d/2)
Γ(n+ d/2)
(q¯2)n(
q¯2 + µ2
)n+2 , (A5)
which reproduces eq. (24).
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In order to obtain eq. (25) we must evaluate
Π =
∞∑
n=0
(−1)n
n!
(
1
2
)n
sˆn[Kµνη
µν ]. (A6)
sˆn[Kµνη
µν ] is the sum over all (2n − 1)!! distinct contractions of the 2n indices of
Kµ1ν1 · · ·Kµnµn . It is simplest to treat K as a matrix, so a cyclic contraction of ni
matrices is trKni . Any element in the sum sˆn[Kµνη
µν ] will have the form
∏
i(trK
ni)mi ,
a product of cyclic contractions, where the cyclic contraction of size ni has multiplicity
mi. We must determine combinatorically how many times each
∏
i(trK
ni)mi appears in
sˆn[Kµνη
µν ]. The total number of K matrices appearing is n =
∑
i nimi.
There are n!∏
i(ni!)
mi
ways of partitioning a set of n elements into m1 distinguishable
subsets of size n1, m2 distinguishable subsets of size n2, etc. However, this overcounts for
our purposes, because it treats the mi sets of size ni as distinguishable. Exchanging all
the K factors in one subset for those in another subset of equal size does not correspond
to a distinct contraction. So the number of ways of choosing the cyclic contractions is
n!∏
i(ni!)
mimi!
.
We must also count how many ways there are to contract ni factors ofK in a completely
cyclic way. Starting with the first index, there are 2(ni−1) ways of contracting the index
with an index on a different K. Then, there are 2(ni − 2) ways of contracting the other
index on the K just chosen with an index on a third K. Continuing in this fashion, there
are ultimately 2ni−1(ni − 1)! ways of forming the contraction. (Alternatively, there are
ni! ways of ordering the ni factors of K and 2 choices of which index to use at each step.
However, this overcounts the number of possibilities by 2ni, because there are ni cyclic
permutations of the K matrices that do not change the overall contraction structure;
switching the choice of index for every K simultaneously also does not produce a new
contraction.)
So we have
sˆn[Kµνη
µν ] =
∑
λ
[
n!∏
i(ni!)
mimi!
]{∏
i
[2ni−1(ni − 1)!]mi(trKni)mi
}
, (A7)
where the sum runs over all partitions λ = (n1)
m1(n2)
m2 · · · of the integer n. We now
have a double sum,
∑∞
n=0
∑
λ, over all non-negative n and over all partitions of n. But
this is simply a sum over all possible partitions of any non-negative integer. Hence, it
can be re-expressed as an unrestricted sum over each mi, which is the number of cyclic
contractions of ni = i matrices K.
27
Using n =
∑
i nimi, the original sum becomes (after many cancellations)
Π =
∞∑
m1=0
∞∑
m2=0
· · ·
∏
i
(−1)nimi
nmii mi!
(
1
2
)mi [
trKni
]mi =∏
i
∞∑
mi=0
1
mi!
[
(−1)i
2i
trKi
]mi
= exp
{
−1
2
tr
[∑
i
1
i
(−1)(i+1)Ki
]}
. (A8)
The sum is just ln(1+K) for the matrix argument K. Since for a matrix A, etrA = det eA,
Π = det exp
[
−1
2
ln
(
1+K
)]
=
1√
det(1+K)
. (A9)
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